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Abstract: A possible formulation of chiral gauge theories with an anomalous fermion
content is re-examined in light of the lattice framework based on the Ginsparg-Wilson
relation. It is shown that the fermion sector of a wide class of anomalous non-abelian
theories cannot consistently be formulated within this lattice framework. In particular,
in 4 dimension, all anomalous non-abelian theories are included in this class. Anomalous
abelian chiral gauge theories cannot be formulated with compact U(1) link variables, while
a non-compact formulation is possible at least for the vacuum sector in the space of lat-
tice gauge fields. Our conclusion is not applied to effective low-energy theories with an
anomalous fermion content which are obtained from an underlying anomaly-free theory by
sending the mass of some of fermions to infinity. For theories with an anomalous fermion
content in which the anomaly is cancelled by the Green-Schwarz mechanism, a possibility
of a consistent lattice formulation is not clear.
Keywords: Renormalization Regularization and Renormalons, Lattice Gauge Field
Theories, Gauge Symmetry, Anomalies in Field and String Theories.
1. Introduction
There had emerged a general belief that anomaly-free chiral gauge theories can non-
perturbatively be formulated, after a work by Lu¨scher [1] which successfully formulated
anomaly-free abelian chiral gauge theories in a gauge invariant manner on a lattice. Al-
though there remain several challenging problems to be solved for a non-abelian extension
of this work, the problems are well-posed and the general framework [1, 2], that is based
on the so-called Ginsparg-Wilson relation [3], is ingenious. In fact, there already appeared
several theoretical applications of this framework for general chiral gauge theories [4, 5, 6].
Refs. [7]–[14] are related works for this development.
The target of the lattice framework [1, 2] is anomaly-free chiral gauge theories. On
the other hand, in the context of continuum theory, it has sometimes been claimed that a
consistent quantization of chiral gauge theories is possible even when the gauge anomaly
is not cancelled [15, 16, 17]. The purpose of the present paper is to clarify a situation
concerning these anomalous gauge theories, if one considers its quantization in the non-
perturbative lattice framework of refs. [1, 2]. Actually, most of expressions below (except
those in the second half of section 5) has already been known in the literature. However,
since they are scattered in various places where a quantization of anomalous gauge theories
is not the main subject, it seems useful to gather them together and summarize the situation
in a compact form.
In short, our general conclusion is the following: Generally, chiral gauge theories with
an anomalous fermion content cannot consistently be formulated along a line of the frame-
work of refs. [1, 2]. This conclusion is not related to (at least to our present understanding)
a loss of unitarity and/or renormalizability that is naively expected for gauge theories with
anomalies. Our conclusion is not even related to, at least apparently, a loss of gauge in-
variance. Our point is that the partition function of the fermion sector or more generally
expectation values in the fermion sector cannot be defined as a single-valued smooth func-
tion of the gauge fields, if one applies the framework [1, 2] to theories with an anomalous
fermion content. This kind of situation does not happen in the continuum theory in which
a formal integration over fermion variables always defines a single-valued smooth function
of the gauge fields. This difference from the continuum theory arises because in the frame-
work of refs. [1, 2], one has to be involved with a U(1) bundle associated to the fermion
integration measure. A variation of the partition function is related to the U(1) connec-
tion of this bundle, called the measure term. There exists a wide freedom to choose the
measure term corresponding to a freedom to choose local counter terms. However, if the
U(1) bundle turns out to be non-trivial, the partition function cannot be a single-valued
smooth function of the gauge fields for any choice of the measure term. These points will
be clarified in the next section.
More specifically, for non-abelian gauge theories, we can show the breaking of the
smoothness occurs if π1(G) = 0 and π2n+1(G) = Z, where G is the gauge group and 2n
is the dimension of the euclidean space, and a fermion content exhibits an “irreducible”
gauge anomaly.1 These conditions are precisely identical to prerequisites for a geomet-
1The irreducible here means that the anomaly cannot be expressed as a polynomial of strictly lower rank
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rical characterization of the gauge anomaly studied in ref. [18]; the phase of the chiral
determinant possesses a non-trivial winding number along a gauge loop and this implies
a non-contractible 2 sphere in the gauge orbit space A/G (A denotes the space of gauge
potentials and G the group of gauge transformations). These prerequisites are applied to all
non-abelian anomalous gauge theories in 4 dimension so we conclude that all 4 dimensional
non-abelian anomalous gauge theories cannot consistently be formulated with the present
lattice framework (section 3).
For abelian theories, on the other hand, the situation depends on whether one uses
compact link variables or non-compact variables for U(1) gauge fields. For the compact
U(1) case, the partition function in anomalous theories cannot be a single-valued smooth
function (section 4). On the other hand, for the non-compact U(1) case, one can arrange
a suitable measure term to define a physically acceptable fermion partition function at
least for the vacuum sector in the space of lattice gauge fields (section 5). This is not
surprising because, with non-compact variables, the space of gauge fields (that is the base
space of the U(1) bundle) is topologically trivial and, consequently, the U(1) bundle cannot
be non-trivial.
We should emphasize that our conclusion is not applied to effective low-energy theories
with an anomalous fermion content which are obtained by sending the mass of some of
fermions infinity [19] from an underlying anomaly-free theory. This and related issues will
be discussed in section 6.
The dimension of the euclidean space will be denoted as d = 2n. Lorentz indices,
µ, ν, . . . run from 0 to d − 1. The hyper-cubic euclidean lattice (whose one-dimensional
size is L) will be denoted by Γ = {x ∈ Zd | 0 ≤ xµ < L}. The unit vector along the
direction µ will be denoted by µˆ. The lattice spacing is taken to be unity a = 1 unless
stated otherwise. The symbol ǫµ1µ2···µd stands for the totally anti-symmetric tensor with
ǫ01···d−1 = 1. We define the chiral matrix by γ5 = i
−nγ0γ1 · · · γd−1 from hermitian Dirac
matrices γµ. The forward and backward difference operators on a lattice are defined by
∂µf(x) = {f(x+ aµˆ)− f(x)}/a and ∂
∗
µf(x) = {f(x)− f(x− aµˆ)}/a, respectively.
2. Brief review of the lattice framework for Weyl fermions [1, 2]
Our objective is the partition function, i.e., the Weyl determinant, of a (left-handed) Weyl
fermion on a lattice:2
detM [U ] =
∫
D[ψ]D[ψ] e−SF , SF =
∑
x∈Γ
ψ(x)Dψ(x), (2.1)
where U denotes the lattice gauge field (link variables). A crucial assumption on the lattice
Dirac operator D is the Ginsparg-Wilson relation
γ5D +Dγ5 = Dγ5D, (2.2)
traces over the fundamental representation of the gauge group.
2Our description will be rather brief. For more details, readers are referred to refs. [1, 2].
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and the simplest example of such a lattice operator is provided by the Neuberger overlap
Dirac operator [20]. The overlap Dirac operator is free from the species doubling and
possesses the γ5-hermiticity (D
† = γ5Dγ5), the gauge covariance and moreover the locality
3
provided that configurations of gauge fields are restricted by the admissibility [21]
‖1−R[U(p)]‖ < ǫ, for all plaquettes p, (2.3)
where U(p) is the product of link variables around the plaquette p; R stands for a (generally
reducible) unitary representation of the gauge group to which the Weyl fermion belongs (ǫ
is a certain fixed constant). This condition divides otherwise arc-wise connected space of
lattice gauge fields into disconnected topological sectors.
The Ginsparg-Wilson relation allows one to introduce the modified chiral matrix γˆ5 =
γ5(1−D) which fulfills
(γˆ5)
† = γˆ5, (γˆ5)
2 = 1, Dγˆ5 = −γ5D. (2.4)
Therefore, especially due to the last relation, the chirality of the Weyl fermion can consis-
tently be defined in the lattice action SF by imposing the constraints
Pˆ−ψ = ψ, ψ = ψP+, (2.5)
where we have introduced projection operators by Pˆ± = (1 ± γˆ5)/2 and P± = (1 ± γ5)/2.
Note that the first constraint depends on lattice gauge fields through the Dirac operator D.
The classical lattice action SF for the Weyl fermion is then gauge invariant and local due
to properties of D listed above.
We have to next define the fermion integration measure D[ψ]D[ψ] in eq. (2.1). For
this, we introduce an orthonormal complete set of vectors in the constrained space (2.5):
Pˆ−vj = vj, (vk, vj) = δkj , (2.6)
and expand the fermion field ψ in terms of this basis as ψ(x) =
∑
j vj(x)cj . The inte-
gration measure is then defined by D[ψ] =
∏
j dcj.
4 In terms of these bases, the Weyl
determinant (2.1) is given by the determinant of the matrix Mkj =
∑
x∈Γ vk(x)Dvj(x).
The above construction, although seemingly simple, turns out to be rather involved due
to following facts. First, the constraint (2.6) does not specify the basis vectors uniquely.
A different choice of basis leads to a difference in the phase of the fermion integration
measure and this phase ambiguity may influence on physical contents of the system because
the phase may depend on gauge field configurations. One has to fix this phase ambiguity
so that basic physical requirements (smoothness, locality etc.) are fulfilled. Secondly, a
connected component of the space of admissible gauge fields, denoted by U, may have a
non-trivial topological structure. Hence it is not obvious if there exists a basis over U
with which above physical requirements are fulfilled. These problems can be formulated as
follows [1, 2].
3For a precise definition of the locality assumed here, see ref. [1].
4Similarly, the anti-fermion ψ is expanded by a basis such that vkP+ = vk as ψ(x) =
∑
k ckvk(x) and
the integration measure is defined by D[ψ] =
∏
k dck.
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We cover U by local coordinate patches XA, where A stands for a label of patches.
Suppose that a certain basis vAj has been chosen within each of patch. Generally, however,
on the intersection XA ∩ XB of two patches, basis vectors v
A
j and v
B
j are different; in
general, these two are related by a unitary transformation
vBj (x) =
∑
k
vAk (x)τ(A→ B)kj. (2.7)
By definition, the transition function τ(A→ B) satisfies the cocycle condition and thus it
defines a unitary principal bundle over U. Corresponding to the relation (2.7), the fermion
integration measures defined in XA and in XB are related as
D[ψ]B = D[ψ]AgAB, gAB = det τ(A→ B) ∈ U(1). (2.8)
This phase factor gAB thus defines a U(1) bundle associated to the fermion integration
measure. For the present formulation of the Weyl fermion to be meaningful, the partition
function (2.1) (or more generally expectation values in the fermion sector) must be a single-
valued smooth function over U. To realize this, we re-define basis vectors in each patch5
such that gAB = 1 on all intersections. However, this is possible if and only if the U(1)
bundle is trivial.
To find a characterization of this U(1) bundle, we consider a variation of gauge field
δηU(x, µ) = ηµ(x)U(x, µ), ηµ(x) = η
a
µ(x)T
a, (2.9)
and define the “measure term” within a patch, say XA, by
L
A
η = i
∑
j
(vAj , δηv
A
j ). (2.10)
From the definition of the Weyl determinant, we have
δη ln detM = Tr{δηDPˆ−D
−1P+} − iL
A
η , (2.11)
and this shows that for the Weyl determinant to be a single-valued smooth function over U,
the measure term Lη must be smoothly defined over U. On the intersection, XA ∩XB , we
see from eq. (2.7) that the measure terms in XA and in XB are related as
L
B
η = L
A
η + ig
−1
ABδηgAB . (2.12)
This shows that the measure term is the U(1) connection associated to the U(1) bundle.
Applying the identity δηδζ − δζδη + δ[η,ζ] = 0 to the definition of the measure term (2.10),
we find6
δηL
A
ζ − δζL
A
η + L
A
[η,ζ] = iTr{Pˆ−[δηPˆ−, δζ Pˆ−]}. (2.13)
5Under a change of basis, the phase factor transforms as gAB → hAgABh
−1
B , where hA is the determinant
of the transformation matrix between two bases in XA.
6Here we have assumed that the variations η and ζ are independent of the gauge field.
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The right hand side is nothing but the curvature of the U(1) bundle. Thus we can define
the first Chern number of the U(1) bundle:
I =
1
2π
∫
M
dt ds iTr{Pˆ−[δηPˆ−, δζ Pˆ−]}, (2.14)
which is an integer. M in this expression stands for a closed 2 dimensional surface in U and
t and s are local coordinates of M. Namely, we defined 2 parameter family of gauge fields
Ut,s in U, and accordingly introduced the projection operators by Pt,s = Pˆ−|U=Ut,s . The
variations are given by ηµ(x) = ∂tUt,s(x, µ)Ut,s(x, µ)
−1 and ζµ(x) = ∂sUt,s(x, µ)Ut,s(x, µ)
−1.
The important point for discussions in this paper is that if the above integer I does not
vanish, then the U(1) bundle is non-trivial on M and there exists no possible choice of
basis vectors such that the partition function (or expectation values in the fermion sector)
is a single-valued smooth function over M. Namely, the Weyl fermion cannot consistently
be formulated. In this case, M is a non-contractible 2 surface in U which gives rise to a
topological obstruction in defining a smooth fermion measure.
In the above argument, we started with basis vectors defined patch by patch. This
way of argument, however, is not convenient in constructing the fermion measure which is
consistent with the locality. The measure term Lη, being linear in the variation η, can be
expressed as
Lη =
∑
x∈Γ
ηaµ(x)j
a
µ(x), (2.15)
where jaµ(x) is referred to as the measure current. It can be shown [1] that the expected
locality of the system is guaranteed if the measure current is a local function of lattice
gauge fields. To ensure the correct physical contents of the formulation, therefore, it is
convenient to start with a certain current which is a local function of gauge fields. Then
according to the reconstruction theorem [1, 2], if the local current satisfies the following
conditions, one can re-construct basis vectors which lead to a smooth fermion measure
that is consistent with the locality. (1) The current is a single-valued and smooth function
of the gauge fields contained in U. (2) The measure term (2.15) defined from the current
satisfies the global integrability
exp
{
i
∫ 1
0
dtLη
}
= det{1− P0 + P0Q1}, (2.16)
along any closed loop in U. In this expression, the loop Ut (U1 = U0) is parametrized
by t ∈ [0, 1] and the variation is given by ηµ(x) = ∂tUt(x, µ)Ut(x, µ)
−1. Projection operators
along the loop are defined by Pt = Pˆ−|U=Ut. The operator Qt is defined by the differential
equation ∂tQt = [∂tPt, Pt]Qt and Q0 = 1. Thus a task to construct the fermion measure is
reduced to find an appropriate local current jaµ(x) which satisfies the above two conditions.
7
For a contractible loop in U, it can be shown that the global integrability is equivalent to
the local integrability
δηLζ − δζLη + L[η,ζ] = iTr{Pˆ−[δηPˆ−, δζ Pˆ−]}, (2.17)
7For a gauge invariant formulation for anomaly-free chiral gauge theories, an additional condition, the
anomaly cancellation on the lattice [1, 2], has also to be fulfilled.
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that is nothing but eq. (2.13) without patch labels (because here we started with a measure
term globally defined over U).
3. Non-abelian anomalous theories
In this section, we assume that the gauge group G is semi-simple. For these non-abelian
gauge theories, we arrange following 2 parameter family of gauge field configurations for
which we can evaluate I (2.14) (in this case, M = S2). First, we consider a 1 parameter
family of gauge transformations defined on S2n and take a lattice transcription of those
gauge transformations:
gt(x) ∈ G, x ∈ Γ, 0 ≤ t ≤ 1, g0(x) = g1(x) = 1. (3.1)
From these lattice gauge transformations, we define a 2 parameter family of gauge field
configurations:8
Ut,s(x, µ) = [g
−1
t (x)gt(x+ µˆ)]
s, 0 ≤ t ≤ 1, 0 ≤ s ≤ 1. (3.2)
In the continuum limit, these configurations reduce to linear interpolations between the
trivial vacuum and its continuum gauge transformations defined by gt(x). These config-
urations satisfy the admissibility (2.3) if the lattice is fine enough, because the left hand
side of eq. (2.3) is bounded by an O(a2) quantity. This 2 parameter family thus spans a
2 disk D2 in U. We also define another 2 parameter family of gauge field configurations:
Ut,s(x, µ) = [g
−1
1−t(x)]
s[g1−t(x+ µˆ)]
s, 0 ≤ t ≤ 1, 0 ≤ s ≤ 1. (3.3)
This 2 parameter family spans another 2 disk D2 again in U, because these configurations
are lattice gauge transformations of U(x, µ) = 1 and the admissibility is a gauge invariant
condition trivially satisfied by U(x, µ) = 1.9 We then glue the above two disks (3.2)
and (3.3) together along the edges s = 1 and form a 2 sphere M = S2 in U.
The first Chern number I (2.14) is an integer. With the above setting, we can evaluate
this integer in the classical continuum limit. The result is [6] (see also ref. [22])
I =
(−1)nin+1n!
(2π)n+1(2n + 1)!
∫
S1×S2n
d2n+1x
×ǫµ1µ2···µ2n+1 tr{R(g
−1
t ∂µ1gt)R(g
−1
t ∂µ2gt) · · ·R(g
−1
t ∂µ2n+1gt)}
= An+1(R)
(−1)nin+1n!
(2π)n+1(2n + 1)!
∫
S1×S2n
d2n+1x
×ǫµ1µ2···µ2n+1 tr{(g
−1
t ∂µ1gt)(g
−1
t ∂µ2gt) · · · (g
−1
t ∂µ2n+1gt)}, (3.4)
8Group elements, except those in a measure-zero set in G, are uniquely parametrized as g = exp(θaT a)
by using group generators T a. Powers of an element g are then defined by [g]s = exp(sθaT a). Powers
in eq. (3.2) can always be unambiguously defined at sufficiently small lattice spacings, because the inside
of the powers behaves as 1 + O(a) for small lattice spacings. On the other hand, we assume that the
1 parameter family (3.1) has been chosen so that powers in eq. (3.3) can be defined in the aforementioned
way.
9These configurations, however, are a pure lattice construction and do not necessarily have a continuum
limit. We notice that their continuum limit is not needed in the evaluation of eq. (3.4) [6].
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where we regarded t as an additional coordinate x2n. In the second line, An+1(R) is the
leading anomaly coefficient in 2n dimensions, defined by10
ǫµ1ν1···µn+1νn+1 tr{R(Fµ1ν1) · · ·R(Fµn+1νn+1)}
= An+1(R)ǫµ1ν1···µn+1νn+1 tr{Fµ1ν1 · · ·Fµn+1νn+1}+ (lower traces), (3.5)
where the trace in the right hand side is defined with respect to the fundamental represen-
tation of the gauge group. Note that, in 4 dimension, the non-abelian gauge anomaly is al-
ways “irreducible”, i.e., the gauge anomaly always implies An+1(R) 6= 0, because trT
a = 0
for non-abelian factors. To discuss in which circumstance the above integer I (3.4) does
not vanish, we assume that π1(G) = 0 and π2n+1(G) = Z. Then, the integer I (3.4) is
An+1(R) times the winding number of the gauge transformation gt(x) around the basic
(2n + 1) sphere in G [18]. One can then pick up gt(x) on S
1 × S2n for which I 6= 0 if
An+1(R) 6= 0.
11
In summary, if π1(G) = 0, π2n+1(G) = Z and the gauge anomaly is irreducible, i.e.,
An+1(R) 6= 0, then we can provide an explicit example of a 2 dimensional surface M in U
for which the first Chern number (2.14) is non-zero, I 6= 0. We can thus infer that at least
for such cases a consistent lattice formulation of non-abelian anomalous gauge theories
along the line of framework of refs. [1, 2] is impossible, because the partition function
(or expectation values in general) of the fermion sector cannot be a single-valued smooth
function over M. Although the above cases do not exhaust all possible non-abelian gauge
theories with an anomalous fermion content, those are wide enough for one to expect a
consistent formulation of non-abelian anomalous cases is probably impossible in general.
In particular, in 4 dimension, non-abelian anomalies appear only when the gauge group G
contains SU(n) (n ≥ 3) as the factor (other groups have anomaly-free representations
only). Since π1(SU(n)) = 0 and π5(SU(n)) = Z for n ≥ 3, we conclude that all non-
abelian anomalous theories in 4 dimension cannot consistently be formulated with the
present lattice formulation.
4. Abelian theory with compact gauge variables
The obstruction for the smooth fermion measure discussed in the preceding section does
not exist in abelian theories because the right hand side of eq. (3.4) vanishes in this case.
However, with a use of compact U(1) link variables, it has been pointed out that there
exists a 2 torus M = T 2 in U for which the first Chern number (2.14) is non-zero for
an anomalous fermion content. This implies that anomalous abelian chiral gauge theories
cannot consistently be formulated within the present lattice framework if compact U(1)
link variables are used.
10For the equality of the first line of eq. (3.4) to the second line, see, for example, ref. [23].
11Take a topologically non-trivial mapping from S2n+1 to G which maps a certain point of S2n+1 to the
identity. The mapping can be regarded as a mapping from a hypercube B2n+1 = [0, 1]2n+1 to G which
maps all of the boundary ∂B2n+1 to the identity. We regard B2n+1 = [0, 1] × B2n and identity the first
factor [0, 1] with the parameter t in eq. (3.1). For each value of t, the mapping defined above maps all of
the boundary ∂B2n to the identity. So this provides a mapping gt(x) from S
1 × S2n to G which gives a
non-zero winding number.
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The 2 torus in U which is parametrized by coordinates t and s (0 ≤ t, s < 2π) is defined
by
Ut,s(x, µ) = exp{iδµ,0δx˜0,0t+ iδµ,1δx˜1,0s}V[m](x, µ), (4.1)
where x˜µ = xµ mod L, 0 ≤ x˜µ < L. The Wilson line Wµ(x) =
∏L−1
n=0 U(x + nµˆ, µ) at
the origin of these configurations is given by W0(0) = e
it and W1(0) = e
is. An important
feature of these configurations is thus a winding along directions of the Wilson line in the
space of lattice gauge fields. The factor V[m](x, µ) in the above expression carries a constant
field strength Fµν = (1/i) ln P (x, µ, ν) = 2πmµν/L
2, where mµν are integers. For integers
within a range |emµν | < ǫ
′L2/2π,12 where e is the U(1) charge of the Weyl fermion, the
configurations fulfill the admissibility (2.3). The explicit form of V[m](x, µ) is given by
V[m](x, µ) = exp
{
−
2πi
L2
[
Lδx˜µ,L−1
∑
ν>µ
mµν x˜ν +
∑
ν<µ
mµν x˜ν
]}
. (4.2)
For the 2 parameter family of configurations (4.1), it can be shown that [24] (see also
refs. [25, 22] for related study)
I =
(−1)n−1en+1
2n−1(n− 1)!
ǫ01µ1ν1···µn−1νn−1mµ1ν1 · · ·mµn−1νn−1 , (4.3)
when L, a one-dimensional size of the lattice, is large enough compared to the localization
range of the Dirac operator. In particular, I = e2 for d = 2. For the right-handed Weyl
fermion, we have eq. (4.3) with a minus sign. The Chern number (2.14) is therefore non-
vanishing unless the gauge anomaly is cancelled among flavors of the Weyl fermion as∑
αHαe
n+1
α = 0, where Hα and eα are the chirality (Hα = ±1) and the U(1) charge of a
flavor α, respectively.
In the present compact U(1) formulation, therefore, chiral gauge theories with an
anomalous fermion content in general cannot consistently be formulated. This is a rather
strong statement.
5. Abelian theory with non-compact gauge variables
The discussion in the preceding section does not exclude a possibility of a formulation
based on non-compact U(1) gauge variables:
−∞ < Aµ(x) < +∞, x ∈ Γ, Aµ(x+ Lνˆ) = Aµ(x), (5.1)
because with these variables, a winding along directions of the Wilson line is topologically
trivial (see below). The gauge transformation on the non-compact variables is defined by
Aωµ(x) = Aµ(x)− ∂µω(x). (5.2)
In this formulation, the gauge potentials Aµ(x) are regarded as primary dynamical
variables and a gauge coupling of the lattice fermion is defined by substituting U(1) link
variables in the lattice Dirac operator D by
R[U(x, µ)] = eieAµ(x). (5.3)
12ǫ′ = 2arcsin(ǫ/2).
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In the present non-compact formulation, the U(1) charge e is not necessarily an integer.
The admissibility (2.3) restricts possible configurations of the gauge potentials and
divides the configuration space into disconnected sectors. Here, for simplicity, we consider
the vacuum sector which is a connected component of the space of admissible configurations
containing the trivial vacuum Aµ(x) = 0. By defining the field strength by
Fµν(x) = ∂µAν(x)− ∂νAµ(x), (5.4)
the vacuum sector is characterized by the condition
|eFµν(x)| < ǫ
′. (5.5)
The vacuum sector in this non-compact formulation is topologically trivial because when
Aµ(x) satisfies eq. (5.5), then tAµ(x) with 0 ≤ t ≤ 1 does too. Namely, any configuration
in the vacuum sector can smoothly be deformed to the trivial one Aµ(x) = 0 and, in
particular, no non-trivial winding along directions of the Wilson line is possible. In what
follows, we show that it is actually possible to set up a lattice formulation for anomalous
U(1) chiral gauge theories with these non-compact gauge variables. For a related work for
a lattice with an infinite extent, see ref. [26].
We define the partition function of the whole system as follows
Z =
∫
D[Aµ] e
−SG−Scounter
∫
D[ψ]D[ψ] e−SF , (5.6)
where D[Aµ] =
∏
x dAµ(x) and, as the gauge action SG, we adopt the modified plaquette
action [1]
SG =
1
4g20
∑
x∈Γ
∑
µ,ν
Lµν , (5.7)
where g0 is the bare coupling and
Lµν =
{
[Fµν(x)]
2{1− [eFµν(x)]
2/ǫ′2}−1 if |eFµν(x)| < ǫ
′
∞ otherwise.
(5.8)
The action SG is designed to enforce the admissibility (5.5) dynamically.
13
We next have to show that the fermion integration measure D[ψ]D[ψ] can be defined
smoothly on the space of admissible gauge fields, in a way being consistent with the locality.
It is achieved by taking
Lη = i
∫ 1
0
dt Tr{Pˆ−[∂tPˆ−, δηPˆ−]}+ δη
∑
x∈Γ
Aµ(x)
∫ 1
0
dt kµ(x), (5.9)
as the measure term in eq. (2.15). In this expression, the parameter t interpolates the
gauge potential from 0 to Aµ(x), A
t
µ(x) = tAµ(x). It is understood that the gauge poten-
tials Aµ(x) within the integration over t are A
t
µ(x). The current kµ(x) is a smooth local
13When the U(1) gauge field is coupled to several Weyl fermions with different U(1) charges, the U(1)
charge with a maximal magnitude |e| is used in this expression.
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function of the gauge potentials which will be explained below. It is then obvious that Lη
is a smooth function of admissible gauge fields. This is also consistent with the locality
of the theory because the measure term Lη consists of a lattice sum of local expressions
of the gauge potentials due to the locality of the Dirac operator D. One can also verify
that the measure term satisfies the local integrability condition (2.17). Since the space of
admissible gauge fields is simply-connected in the present non-compact formulation, these
guarantee that there exist basis vectors which lead a smooth fermion integration measure
being consistent with the locality. This can easily be shown by constructing the partition
function (2.1) explicitly which corresponds to the above choice of the measure term. That
is given by
ln detM [A] =
∫ 1
0
dt Tr{∂tDPˆ−D
−1P+} − i
∑
x∈Γ
Aµ(x)
∫ 1
0
dt kµ(x). (5.10)
From this expression, by using relations γ5δD = −δDγˆ5 − Dδγˆ5 and γˆ5δP− = −δPˆ−γˆ5,
one finds eq. (2.11) with the measure term (5.9). The above form of the measure term and
the corresponding effective action have been known in the literature [1, 27]. We conclude
therefore that the criticism to anomalous gauge theories in previous sections based on a
smoothness of the fermion measure is not applied to the present case of non-compact U(1)
variables.
The partition function (5.10) is not invariant under the gauge transformation (5.2).
We will see that the main part of the breaking is given by the “covariant gauge anomaly”
defined by
A(x) = −
1
2
tr{γ5eD(x, x)}. (5.11)
A remarkable fact is that one can deduce the explicit form of A(x) in terms of the gauge
potentials even on a finite lattice (as far as L is large enough) by using the local cohomology
argument on a lattice [28]–[31]. Although the local cohomology argument was originally
developed for the compact U(1) theory, an adaptation to the present non-compact U(1)
case is rather straightforward. The result is [30]
A(x) =
(−1)nen+1
(4π)nn!
ǫµ1ν1···µnνnFµ1ν1(x)Fµ2ν2(x+ µˆ1 + νˆ1) · · ·
×Fµnνn(x+ µˆ1 + νˆ1 + · · ·+ µˆn−1 + νˆn−1) + ∂
∗
µkµ(x), (5.12)
where the current kµ(x) is a certain gauge invariant local expression of the gauge potentials.
From the definition (5.10) and the gauge covariance of the Dirac operator, D(x, y)[tAω] =
eiteω(x)D(x, y)[tA]e−iteω(y) , we find
ln detM [A−ω]
= ln detM [A]− i
∑
x∈Γ
ω(x)
∫ 1
0
dt [A(x)− ∂∗µkµ(x)]
= ln detM [A] + i
(−1)n+1en+1
(4π)n(n + 1)!
∑
x∈Γ
ω(x)ǫµ1ν1···µnνnFµ1ν1(x)Fµ2ν2(x+ µˆ1 + νˆ1) · · ·
×Fµnνn(x+ µˆ1 + νˆ1 + · · ·+ µˆn−1 + νˆn−1). (5.13)
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The last term is nothing but the Wess-Zumino action [32] in this U(1) gauge theory.
The Wess-Zumino action takes a particularly simple form with our choice of the measure
term (5.9).
With the definition of the Weyl determinant (5.10), we may carry out a study of
anomalous U(1) gauge theories along the line of, say, ref. [16]. In the full partition func-
tion Z (5.6), we can separate the integration over gauge degrees of freedom by using the
Faddeev-Popov trick. Namely, we insert unity
∆[A]
∫
D[ω]
∏
x∈Γ
δ(∂∗µA
ω
µ(x)) = 1, (5.14)
into Z where ∆[A] is the Faddeev-Popov determinant. Here, we imposed the Lorentz
gauge on the lattice. In the functional integration over the gauge transformation D[ω],
we understand that the zero-mode of ω is excluded by the condition
∑
z∈Γ ω(z) = 0.
Even with this condition, there exists a “translational invariant” measure of ω such that
D[ω + λ] = D[ω]. With this exclusion of the zero-mode, the Faddeev-Popov determinant
becomes well-defined because for each Aµ(x) the equation ∂
∗
µA
ω
µ(x) = 0 has a unique
solution within this space of ω:
ω(x) =
∑
y∈Γ
GL(x− y)∂
∗
µAµ(y), (5.15)
where GL(z) is the Green function of the lattice laplacian
∂∗µ∂µGL(z) = δz˜,0 − L
−2, GL(z + Lµˆ) = GL(z),
∑
z∈Γ
GL(z) = 0. (5.16)
As in the continuum theory, one can then confirm that the Faddeev-Popov determinant is
gauge invariant ∆[Aω] = ∆[A]. By using the gauge invariance of ∆[A] and SG, we then
arrive at the expression
Z =
∫
D[Aµ]∆[Aµ]
∏
x∈Γ
δ(∂∗µAµ(x)) e
−SG
∫
D[ω] e−Scounter[A
−ω ] detM [A−ω]. (5.17)
In what follows, we restrict our attention to 2 dimensional case (n = 1), i.e., the
chiral Schwinger model, for which the classical continuum limit of the Weyl determinant is
amenable to a simple study. Namely, it is not difficult to find that the classical continuum
limit of eq. (5.10) is
ln detM [A]
= −
e2
8π
∫
d2xAµ(x)
{
δµν − (δµα + iǫµα)
∂α∂β

(δβν − iǫβν)
}
Aν(x) +O(a). (5.18)
We can arrive this expression without any calculation of lattice Feynman integrals. Assum-
ing that the rotational symmetry is restored in the continuum limit, a general argument
on fermion one-loop diagrams in 2 dimension (see, for example the appendix of ref. [33])
tells that regularization ambiguities can appear only in a coefficient of the local term A2µ(x)
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in eq. (5.18). Then the fact that our Weyl determinant gives rise to the (consistent) gauge
anomaly of the form (5.13) completely fixes the coefficient of the term A2µ(x) as eq. (5.18).
In traditional arguments in quantization of this anomalous chiral Schwinger model [15], this
regularization ambiguity in the local term A2µ(x) is fully utilized [34]. So to incorporate
this point to our formulation, we further set the lattice counter terms as
Scounter =
e2
8π
(b− 1)
∑
x∈Γ
A2µ(x), (5.19)
where b is a free parameter. This completes our construction of the chiral Schwinger model
on the lattice. It yields
Z =
∫
D[Aµ]
∏
x∈Γ
δ(∂∗µAµ(x)) e
−SG−Scounter[A] detM [A]
∫
D[ω]
× exp
{
−
e2
8π
∑
x∈Γ
[
(b− 1)∂µω(x)∂µω(x)− 2(b− 1)ω(x)∂
∗
µAµ(x)− iω(x)ǫµνFµν(x)
]}
,
(5.20)
where we have got rid of the Faddeev-Popov determinant ∆[A] because it is a constant for
the present Lorentz gauge. The action in eq. (5.20) except the gauge fixing term
SG[A] + Scounter[A]− ln detM [A]
+
e2
8π
∑
x∈Γ
[
(b− 1)∂µω(x)∂µω(x)− 2(b− 1)ω(x)∂
∗
µAµ(x)− iω(x)ǫµνFµν(x)
]
, (5.21)
is gauge invariant under Aµ(x) → Aµ(x) − ∂µλ(x) and ω(x) → ω(x) + λ(x) because it
was originally SG[A]+Scounter[A
−ω]− ln detM [A−ω] and the combination A−ω is invariant
under the transformation. After integrating over ω(x), we have
Z =
∫
D[Aµ]
∏
x∈Γ
δ(∂∗µAµ(x))
× exp
{
−
1
4g20
∑
x∈Γ
∑
µ,ν
Lµν +
m2
4g20
∑
x,y∈Γ
Fµν(x)GL(x− y)Fµν(y)
}
detM [A]
× exp
{ e2
8π
∑
x,y∈Γ
Aµ(x)
[
δµνδx,y − (∂
x
µ + iǫµα∂
x∗
α )GL(x− y)(∂
y∗
ν − i∂
y
βǫβν)
]
Aν(y)
}
× exp
{
−
e2b
8πL2
[∑
x∈Γ
Aµ(x)
]2}
, (5.22)
where the mass parameter m2 is given by m2 = (e2g20/4π)b
2/(b − 1). In an intermedi-
ate stage in deriving the above expression, we have used the identity ∂µ∂
∗
ν = δµν∂
∗
ρ∂ρ +
ǫµρ∂
∗
ρ∂σǫσν holding on a 2 dimensional lattice. It is easy to verify that the action in the
above expression is still gauge invariant. From eqs. (5.8) and (5.18), the classical continuum
limit of the above action is given by
−
1
4g20
∫
d2xFµν(x)
 −m2

Fµν(x) = −
1
2g20
∫
d2xAµ(x)(− +m
2)Aµ(x), (5.23)
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under the gauge condition ∂µAµ(x) = 0. This appearance of massive excitations in the
anomalous chiral Schwinger model is in accord with the result of refs. [15, 16].
6. Discussion
In this paper, we showed that a consistent lattice formulation of anomalous chiral gauge
theories along the line of framework of refs. [1, 2] is rather difficult and for a certain class
of models it is in fact impossible. For an implication of our observation, one can take
two alternative attitudes. One may of course regard obstructions for a smooth fermion
measure we discussed as a pathology being peculiar to the present lattice framework based
on the Ginsparg-Wilson relation. For example, it might be possible to formulate anoma-
lous non-abelian chiral theories by using certain non-compact gauge variables, as we have
demonstrated for the abelian case. With such non-compact gauge variables, however, an
issue of how a non-trivial topology of gauge field configurations emerges on a lattice has to
be clarified.
Alternatively, it is possible to take our observation rather seriously and consider its
possible implications. We may regard it as an indication for an impossibility of a consistent
quantization of anomalous chiral gauge theories in general. (The successful treatment of
abelian theories in section 5 is regarded exceptional.) We emphasize that obstructions we
observed do not exist in effective low-energy theories with an anomalous fermion content,
which are obtained by sending mass of some of fermions very large (say, by sending the
expectation value of the Higgs field very large) from an underlying anomaly-free theory in
which the gauge anomaly is cancelled among flavors of the Weyl fermion. From the way of
construction in section 2, the effect of the measure term is left over even if the mass of a
Weyl fermion is sent to infinity (like the Wess-Zumino term in the continuum theory [19]).14
Then the obstruction we discussed is cancelled among fermion flavors provided that the
gauge anomaly is cancelled among them. The effect of the measure term does not decouple
even the mass of fermion is very large.
This latter attitude is compatible with a general belief that anomalous gauge theories
are inconsistent anyway and the fundamental theory must be free from anomalies after
all. This is OK. However, a trouble with the latter attitude is the fact that a cancellation
among flavors of the Weyl fermion is not an only known way for a cancellation of the
gauge anomaly. The Green-Schwarz mechanism [35] is another known way for the anomaly
cancellation. In this mechanism, the anomaly arising from Weyl fermions is cancelled by
bosonic anti-symmetric tensor fields by assuming a non-trivial gauge transformation law
of latter fields. Then the question is: can we set up a non-perturbative lattice formulation
of anomaly-free theories based on the Green-Schwarz mechanism? In the context of the
present lattice framework based on the Ginsparg-Wilson relation, to answer this question
in a positive way, we have to find a certain interplay between the measure term of Weyl
fermions and a definition of anti-symmetric tensor fields on a lattice. Such an interplay
seems not straightforward to find at the moment. We have to admit, therefore, the situation
14The Yukawa interaction can be introduced without affecting to the chirality constraint (2.5).
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is not clear for chiral gauge theories with an anomalous fermion content in which the
anomaly is cancelled by the Green-Schwarz mechanism.
H.S. would like to thank Kazuo Fujikawa for an enlightening discussion concerning
gauge theories with anomalies. This work is supported in part by Grant-in-Aid for Scientific
Research, #13135203 and #15540250.
Note added in proofs. The partition function of Weyl fermions in an anomalous
multiplet can always be made gauge invariant by introducing a dynamical Wess-Zumino
scalar. This way of anomaly cancellation can be regarded as the simplest form of the
Green-Schwarz mechanism. At least this form of the Green-Schwarz mechanism can read-
ily be implemented in lattice gauge theories by (1) replacing link variables U(x, µ) by
Ug(x, µ) = g(x)U(x, µ)g(x + µˆ)−1 and (2) integrating over the Wess-Zumino scalar g with
an appropriate gauge invariant kinetic term. Under the gauge transformation, δU(x, µ) =
−∇µω(x)U(x, µ) and δg(x) = −g(x)ω(x), the combination U
g is gauge invariant and thus
the partition function of the fermion sector is trivially gauge invariant. We then examine
a smoothness of the fermion measure as a function of configurations of the gauge field and
of the Wess-Zumino scalar. The curvature of the U(1) bundle associated to the fermion
measure defined over this “enlarged” configuration space is given by the right hand side
of eq. (2.13) with substitutions U → Ug, ηµ → gηµg
−1 and ζµ → gζµg
−1. Because of the
gauge covariance of the projection operator Pˆ−, however, this curvature turns out to have
an identical form as in the case without the Wess-Zumino scalar. Hence, the obstructions
for a smooth fermion measure we discussed in this paper remain in this enlarged theory,
although the gauge anomaly is exactly cancelled. We conclude that a large class of anoma-
lous chiral gauge theories, even with this simplest form of the Green-Schwarz mechanism,
cannot consistently be formulated in the present lattice framework.
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